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ABSTRACT 
In the structural assessment and retrofitting of historical constructions the numerical analysis of large 
masonry structures is a challenging problem. The nonlinear and brittle material properties of masonry 
present challenges for the analysis and furthermore, make the calculations themselves very demanding 
in computational terms. In this thesis, masonry structural members with out-of-plane loads are analyzed 
using a macro-modelling approach with TNO DIANA finite element software. The possibilities and 
advantages of using shell or solid finite elements are investigated, employing a classical rotating crack 
model with a fracture energy based linear softening law in tension. The comparison of shell and solid 
elements is carried out by means of five examples: three planar walls with different boundary conditions 
loaded with uniformly distributed out-of-plane pressure; a ribbed barrel vault with an asymmetrical 
vertical load and a four-wall masonry box-structure with mass-proportional lateral load. The results are 
evaluated in the linear and nonlinear range with respect to accuracy, mesh size dependency, number 
of integration points through the thickness of the structure, damage propagation and computational 
effort, among others. The effect of diffused and localized damages is also discussed. 
 
Keywords: out-of-plane loading; DIANA; curved shell elements; through thickness integration; smeared 
cracking, masonry  
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RESUMEN 
Título: Análisis numérico del comportamiento fuera del plano de elementos estructrales de obra de 
fábrica 
 
En la evaluación estructural y renovación de las construcciones históricas, el análisis numérico de las 
grandes estructuras de obra de fábrica presenta retos importantes. La fragilidad y no linealidad de los 
materiales de la obra de fábrica presentan desafíos grandes para el análisis y, además, los propios 
cálculos requieren una gran capacidad computacional. En esta tesis, se analizan estructuras de obra 
de fábrica con cargas fuera del plano usando un enfoque basado en macro-modelos con el software de 
elementos finos TNO DIANA. Se investigan las posibilidades y ventajas de usar elementos de lámina y 
elementos sólidos, empleando un modelo clásico de fisuras rotantes con una ley de ablandamiento 
lineal en tensión basada en energía de fractura. La comparación entre los elementos de láminas y los 
elementos sólidos se lleva a cabo por medio de cinco diferentes ejemplos: tres muros planos con 
diferentes condiciones de contorno, cargados de presión fuera del plano distribuida uniformemente; un 
bóveda de cañon con costillas con una carga asimétrica y una estructura de obra de fábrica con forma 
de caja con cuatro muros con una carga lateral proporcional a la masa. Se evalúan los resultados en 
los rangos lineal y no-lineal en términos de la precisión, la dependencia del tamaño de la malla, el 
número de puntos de integración en el espesor, la propagación del daño y el esfuerzo computacional, 
entre otras cosas. Se incluye también una discusión del efecto del daño localizado o difuso. 
  
Palabras claves: cargo fuera de plano; DIANA; elementos de armazón curvados; integración en el 
espesor; fisuras distribuidas; fábrica de obra   
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ABSZTRAKT 
Cím: Síkjukra merőlegesen terhelt falazott szerkezeti elemek viselkedésének vizsgálata numerikus 
módszerekkel 
 
Történeti épületek tartószerkezeteinek helyreállításánál és erőtani vizsgálatánál a nagy léptékű falazott 
szerkezetek numerikus modellezése gyakran kihívást jelent. A falazott szerkezetek anyagának 
nemlineáris és rideg viselkedése sok nehézséget okoz a numerikus számítás során, és nagy számítási 
kapacitást követel. Jelen dolgozatban a síkjukra merőlegesen terhelt falazott szerkezeti elemeket 
makroszintű modellezési eljárással a TNO DIANA végeselemes szoftver segítségével vizsgáljuk. A 
munka során a héjelemek és a testelemek használatának lehetőségeit, előnyeit és hátrányait vesszük 
sorra. Ehhez egy klasszikus simítottrepedés-modellt alkalmazunk, húzásra törési energián alapuló 
lineárisan lágyuló anyagtörvénnyel. A két elemtípus összehasonlítása öt szerkezeti példán keresztül 
történik: három sík fal különböző megtámasztási viszonyokkal és felületen megoszló vízszintes teherrel; 
egy bordázott donga-boltozat aszimmetrikus vonal menti teherrel, és egy négyzetes alaprajzú falazott 
doboz-szerkezet tömegarányos vízszintes teherrel. A számítások eredményeit mind a lineáris, mind a 
nemlineáris szakaszban, különböző szempontok alapján hasonlítjuk össze. Ezek közé tartozik az 
eredmények pontossága, azok elemmérettől való függetlensége, a keresztmetszet mentén felvett 
integrálási pontok számának jelentősége, a károsodás terjedése a modelleken és a számítási kapacitás 
igény. Feltárjuk a lokalizált és a szétterjedt károsodás hatásait is. 
 
Kulcsszavak: nem síkbeli teher, DIANA, hajlított héjelemek, simított repedés, falazatok 
  
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
xii ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
 
 
 
 
 
 
 
 
 
 
 
 
  
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS xiii 
TABLE OF CONTENTS 
1. Introduction ..................................................................................................................................... 1 
2. Overview of methods for analyzing masonry structures ................................................................. 3 
2.1. Graphic statics and limit analysis ............................................................................................ 4 
2.2. Numerical methods.................................................................................................................. 5 
2.3. Experimental methods ........................................................................................................... 10 
3. The finite element model .............................................................................................................. 13 
3.1. The material model ................................................................................................................ 13 
3.2. The finite elements ................................................................................................................ 15 
3.2.1. Shell elements ............................................................................................................... 15 
3.2.2. 2D plane strain elements ............................................................................................... 17 
3.2.3. 3D solid elements .......................................................................................................... 17 
3.3. The mesh ............................................................................................................................... 18 
3.4. Solution methods and analysis parameters .......................................................................... 18 
4. Methodology of the result interpretation and comparison ............................................................ 19 
5. Example 1 – Wall supported on two sides ................................................................................... 21 
5.1. Description of the model ........................................................................................................ 21 
5.2. Results of the linear analysis ................................................................................................. 23 
5.3. Results of the nonlinear analysis ........................................................................................... 24 
5.3.1. Mesh sensitivity ............................................................................................................. 24 
5.3.2. Through thickness integration ....................................................................................... 26 
5.3.3. Comparison of the shell and plane strain models ......................................................... 27 
5.4. Conclusions of the example .................................................................................................. 29 
6. Example 2 – Wall supported on three sides ................................................................................. 31 
6.1. Description of the model ........................................................................................................ 31 
6.2. Results of the linear analysis ................................................................................................. 33 
6.3. Results of the nonlinear analysis ........................................................................................... 34 
6.3.1. Mesh sensitivity ............................................................................................................. 34 
6.3.2. Through thickness integration ....................................................................................... 35 
6.3.3. Comparison of the models with shell and solid elements ............................................. 36 
6.4. Conclusions of the example .................................................................................................. 38 
7. Example 3 – Wall supported on four sides ................................................................................... 41 
7.1. Description of the model ........................................................................................................ 41 
7.2. Results of the linear analysis ................................................................................................. 42 
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
xiv ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
7.3. Results of the nonlinear analysis ........................................................................................... 43 
7.3.1. Mesh sensitivity.............................................................................................................. 43 
7.3.2. Through thickness integration........................................................................................ 44 
7.3.3. Comparison of the models with shell and solid elements .............................................. 45 
7.3.4. Formation of one or two cracks depending on the modelling ........................................ 48 
7.4. Conclusions of the example ................................................................................................... 49 
8. Example 4 – Ribbed barrel vault ................................................................................................... 51 
8.1. Description of the model ........................................................................................................ 51 
8.2. Results of the nonlinear analysis ........................................................................................... 55 
8.2.1. Comparison with the previous numerical results ........................................................... 55 
8.2.2. Mesh sensitivity.............................................................................................................. 55 
8.2.3. Comparison of models with shell and solid elements .................................................... 58 
8.2.4. Through thickness integration........................................................................................ 59 
8.3. Conclusions of the example ................................................................................................... 59 
9. Example 5 –Masonry four-wall box-structure ............................................................................... 61 
9.1. Description of the model ........................................................................................................ 61 
9.2. Results of the linear analysis ................................................................................................. 62 
9.3. Results of the nonlinear analysis ........................................................................................... 63 
9.4. Conclusions of the example ................................................................................................... 67 
10. Overview of the results .............................................................................................................. 69 
10.1. Accuracy of the results in linear elastic analysis ............................................................... 69 
10.2. Behavior in the nonlinear analysis ..................................................................................... 69 
10.3. Cost of the analysis ........................................................................................................... 70 
10.4. Modelling ............................................................................................................................ 71 
11. Conclusions ............................................................................................................................... 73 
12. References................................................................................................................................. 75 
  
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS xv 
LIST OF FIGURES 
Overview of methods for analyzing masonry structures 
Figure 1 – Kinematic out-of-plane failure mechanisms of unreinforced masonry buildings based on 
D’Ayala and Speranza (2002) ......................................................................................................... 4 
Figure 2 – Modelling strategies for masonry structures (Lourenço 2002) ....................................... 6 
Figure 3 - Results of an analysis of a shear wall with micro-modelling, showing the deformed 
meshes at peak and ultimate load (Lourenço 2002) ....................................................................... 6 
Figure 4 – Elements of a meso-scale model and collapse mechanism of a meso-scale model of a 
wall Macorini & Izzuddin (2010) ....................................................................................................... 7 
Figure 5 – Multi directional fixed crack model (DIANA 2011) .......................................................... 8 
Figure 6 – Fixed and rotating crack concept (Jirásek 2014) ........................................................... 8 
Figure 7 - Seismic analysis of Mallorca Cathedral. Distributed vs. localized damage (Clemente et 
al. 2006) ........................................................................................................................................... 9 
Figure 8 – Finite element model for a block compound in Lisbon: (a) finite element mesh with 200 
000 degrees of freedom. (b) results for seismic analysis with equivalent static loading (Ramos 2002)
 ......................................................................................................................................................... 9 
Figure 9 - a) Testing of block wallets; b) Stepped failure pattern (Gazzola et al. 1985) ............... 10 
Figure 10 – Test setup for masonry specimen loaded with pressure water bag (Bui & Limam 2012)
 ....................................................................................................................................................... 11 
The finite element model 
Figure 11 - The fracture energy based linear softening law .......................................................... 14 
Figure 12 - Crack bandwidth for a solid brick element under uniaxial bending ............................. 14 
Figure 13 - Geometry and loading of the curved shell elements (DIANA 2011) ........................... 15 
Figure 14 - Degrees of freedom of the curved shell elements (DIANA 2011) ............................... 16 
Figure 15 - The layered quadratic quadrilateral curved shell element (DIANA 2011) ................... 17 
Example 1 – Wall supported on two sides 
Figure 16 - The geometry of the wall, showing the modeled part with red .................................... 21 
Figure 17 - Top, side and bottom supports of the model with linear shell elements ..................... 22 
Figure 18 - Top and bottom supports of the plane strain model ................................................... 22 
Figure 19 - Convergence of the maximum displacement with mesh refinement .......................... 23 
Figure 20 - Convergence of the principal stresses with mesh refinement .................................... 24 
Figure 21 - Results of the nonlinear analysis of the model with plane strain elements ................ 25 
Figure 22 - Results of the nonlinear analysis of the model with linear and quadratic shell elements 
with 9 integration points through thickness ................................................................................... 25 
Figure 23 - Results of the nonlinear analysis for the model with layered quadratic shell elements 
with 2×9 integration points through the thickness ......................................................................... 26 
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
xvi ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
Figure 24 - Results obtained with different number of integration points through the thickness for 
the model with 5 cm quadratic shell elements ............................................................................... 27 
Figure 25 - Comparison of the results of the models with quadratic shell and plane strain elements
 ....................................................................................................................................................... 27 
Figure 26 - Cracking strain for the shell and plane strain models at the peak load ....................... 28 
Figure 27 - Cracking strain for the shell and plane strain models after the peak .......................... 28 
Example 2 – Wall supported on three sides 
Figure 28 - The geometry of the wall, showing the modeled part with red .................................... 31 
Figure 29 - Simple supports at the bottom and the right side, and symmetric support at the left side 
of the shell model ........................................................................................................................... 32 
Figure 30 - Symmetric support at the left side, simple support at the bottom and the right side of 
the solid model ............................................................................................................................... 32 
Figure 31 - Convergence of the lateral displacement with mesh refinement ................................ 33 
Figure 32 - Convergence of the maximal principal stress with mesh refinement .......................... 34 
Figure 33 - Results of the nonlinear analysis of the model with solid elements ............................ 34 
Figure 34 - Results of the nonlinear analysis of the models with linear and quadratic shell elements
 ....................................................................................................................................................... 35 
Figure 35 - Results of the nonlinear analysis obtained with 7 and 9 integration points with 15 cm 
quadratic shell elements ................................................................................................................ 35 
Figure 36 - Comparison of the results of the models with plane strain and quadratic shell elements
 ....................................................................................................................................................... 36 
Figure 37 - Cracking strain around peak load. Left: model with quadratic shell elements, right: model 
with linear solid elements ............................................................................................................... 37 
Figure 38 - Cracking strain at post peak. Left: model with quadratic shell elements, right: model 
with linear solid elements ............................................................................................................... 37 
Figure 39 - Plastic strain at peak load obtained with the anisotropic plasticity model (Lourenço 2000)
 ....................................................................................................................................................... 38 
Example 3 – Wall supported on four sides 
Figure 40 - The geometry of the wall, showing the modeled part with red .................................... 41 
Figure 41 - Convergence of the lateral displacement with mesh refinement ................................ 42 
Figure 42 - Convergence of the maximal principal stress with mesh refinement .......................... 43 
Figure 43 - Results of the nonlinear analysis of the model with solid elements ............................ 43 
Figure 44 - Results of the nonlinear analysis of the models with linear and quadratic shell elements
 ....................................................................................................................................................... 44 
Figure 45 - Results of the nonlinear analysis obtained with 7 and 9 integration points with 20 cm 
quadratic shell elements ................................................................................................................ 44 
Figure 46 - Comparison of the results of the models with shell and plane strain elements .......... 45 
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS xvii 
Figure 47 - Cracking strain around peak load. Left: model with quadratic shell elements, right: model 
with solid elements ........................................................................................................................ 46 
Figure 48 - Cracking strain after peak load Left: model with quadratic shell elements, right: model 
with solid elements ........................................................................................................................ 46 
Figure 49 - Cracking strain during softening Left: model with quadratic shell elements, right: model 
with solid elements ........................................................................................................................ 47 
Figure 50 - Plastic strain at peak load and at ultimate load obtained with the plasticity model 
(Lourenço 2000) ............................................................................................................................ 47 
Figure 51 – Comparison of the results obtained with modelling half or quarter of the structure using 
20 cm solid elements ..................................................................................................................... 48 
Figure 52 – Cracking strain during softening for the model of one quarter of the structure .......... 49 
Example 4 – Ribbed barrel vault 
Figure 53 - Experimental failure pattern of cylindrical barrel vault from Di Marco et al. (1999) .... 51 
Figure 54 - The geometry of the vault, showing the modeled part with red .................................. 51 
Figure 55 - Model of the vault with shell elements with central middle planes ............................. 52 
Figure 56 - Eccentric connection of the shell elements to their nodes (DIANA 2011) .................. 52 
Figure 57 - Supports of the shell model ........................................................................................ 53 
Figure 58 - Supports of the solid model ........................................................................................ 53 
Figure 59 – Comparison between the results obtained with quadratic solid elements to the results 
from Creazza et al. (2002) and to the results with linear solid and quadratic shell elements ....... 55 
Figure 60 – Results obtained with models with quadratic shell and solid elements with different 
mesh sizes ..................................................................................................................................... 56 
Figure 61 – Deformed shape and cracking strain of the shell model at different stages .............. 57 
Figure 62 – Deformed shape and cracking strain of the solid model at different stages .............. 57 
Figure 63 – Comparison of quadratic shell and linear solid models .............................................. 58 
Figure 64. Results obtained with different number of integration points through the thickness with 
13 cm quadratic shell elements ..................................................................................................... 59 
Example 5 –Masonry four-wall box-structure 
Figure 65 - The test specimen (Ramos et al. 2005) ...................................................................... 61 
Figure 66 - Geometry of the modelled box-structure ..................................................................... 61 
Figure 67 – Results of the pushover analysis in the two axis directions ....................................... 63 
Figure 68 - Deformed shape and cracking strain for peak load in all directions for the solid model
 ....................................................................................................................................................... 64 
Figure 69 - Deformed shape and cracking strain for peak load in all directions for the shell model
 ....................................................................................................................................................... 64 
Figure 70 – Cracking strain at peak load for loading in y and –y directions for the solid model ... 66 
Figure 71 – Cracking strain at peak load for loading in y and –y directions for the shell model ... 66 
Figure 72 - Crack pattern after dynamic test on shaking table (Ramos et al. 2005) ..................... 66 
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
xviii ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
  
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS xix 
LIST OF TABLES 
Example 1 – Wall supported on two sides 
Table 1 - Material parameters used for the model ........................................................................ 23 
Example 2 – Wall supported on three sides 
Table 2 - Material parameters used for the model ........................................................................ 33 
Table 3 - The running time of the analyses ................................................................................... 36 
Table 4 - Quantitative comparison of the size and cost of the two models ................................... 38 
Example 3 – Wall supported on four sides 
Table 5 - Material parameters used for the model ........................................................................ 42 
Table 6 – Running time of the analyses ........................................................................................ 45 
Table 7 - Quantitative comparison of the size and cost of the two models ................................... 48 
Example 4 – Ribbed barrel vault 
Table 8 - Material parameters used for the model ........................................................................ 54 
Table 9 - Quantitative comparison of the size and cost of the two models ................................... 58 
Table 10 – Running time of the analyses ...................................................................................... 59 
Example 5 –Masonry four-wall box-structure 
Table 11 - Material parameters used for the model ...................................................................... 62 
Table 12 – Quantitative comparison of the size and cost of the two models ................................ 67 
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 1 
1. INTRODUCTION 
In the structural assessment and retrofitting of historical constructions the numerical analysis of large 
masonry structures is a challenging problem. The nonlinear analysis of such structures faces many 
difficulties due to the material properties of the masonry structural members. There are different 
approaches for modelling the behavior of this brittle or quasi-brittle material. In the most detailed micro- 
and macro-scale models the elements composing the masonry and their connections are modelled 
separately. These approaches, however, are too detailed for the scale of large masonry structures, both 
in modelling aspects and in computational cost. Macro-modelling is another approach, where the units 
and the mortar are substituted by a homogenized material. This approach offers the necessary 
compromise between efficiency and accuracy, which is more important for the study of larger scale 
structures. 
This thesis focuses on the finite element modelling of out-of-plane behavior of structures with brittle 
materials using the macro-modelling approach. In the literature mainly solid brick finite elements are 
used for this purpose. In this work the possibility of using shell elements for modelling out-of-plane 
behavior is investigated, in order to support a well-founded choice of the proper element for analyzing 
larger scale masonry constructions. 
This investigation is carried out through analyzing the following five structural examples, which were 
modelled both with solid and shell elements: 
 three pieces of two-dimensional planar structures: 
 one wall with bending in one direction 
 two walls with bending in two directions with different supports 
 one structure with single curvature: 
 a ribbed barrel vault 
 a more complex structure with both in-plane and out-of-plane actions: 
 a four-wall masonry box-structure 
The result of linear-elastic and nonlinear analysis are evaluated and compared from different aspects, 
including the qualitative and quantitative evaluation of the accuracy of the results and the computational 
cost of the analysis. The experienced advantages and disadvantages of the usage of these elements 
are summarized. 
A classical smeared crack model is used, with rotating cracks. For the tension regime a fracture energy 
based linear softening law is applied. The modelling and analyses are performed with the TNO DIANA 
software.  
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2. OVERVIEW OF METHODS FOR ANALYZING MASONRY STRUCTURES 
A majority of the existing historical heritage buildings are built with masonry. Ancient masonry structures 
are exposed to various effects that can result in their damage or collapse. Earthquakes are the biggest 
danger, but fatigue, stress degradation, traffic, weather changes and inaccurate interventions can also 
cause the damage of the structure. 
Numerous analytical, numerical and experimental methods have been developed for analyzing masonry 
structures, based on different theories, in different levels of accuracy, from rough ones to very detailed 
ones (for reviews see Roca et al. 2010, Lourenço 2002 and Theodossopoulos & Sinha 2013). Each of 
these analyses is appropriate for different cases. After introducing the material and its challenges, these 
techniques will be overviewed, with more focus on the numerical techniques. 
Challenges of modeling masonry structures 
The study of historical masonry structures is a complex task. The knowledge about the existing 
structures is not complete, and many properties of the masonry material are difficult and costly to obtain. 
The main resources for the mechanical properties are non- or minor-destructive in situ tests and 
laboratory tests. 
Further difficulties arise from the large variety in the material properties of masonry, due to the use of 
natural materials and to the workmanship. It is also difficult to reveal the inner morphology of the 
structure. Masonry structural elements are often not homogeneous, and  are composed of different 
layers and include cavities and material diversity. 
Further difficulties arise from the usually very complex geometry of the structure. Additionally, structural 
and decoration elements cannot be always separated, which makes it difficult to choose the level of 
simplification in modelling. 
The history of the structure is also an important issue in order to understand the construction phases, 
later alterations and existing damages. It should be also mentioned, that there were no available codes 
and regulations at the time of the construction, which was done based on experience and empirical 
knowledge. 
The materials of the masonry 
The properties of historic masonry show a big variety. The units of the structures can have sizes and 
shapes in a wide range, from regular bricks to natural irregular stones. 
The materials can also vary a lot. Units can be made of earth, clay and stones among others. The joints 
can also have different materials, like lime or cement based mortar, chalk, bitumen or clay. Finally, the 
arrangement of the units in the plane and through the thickness of the structure can also be various. On 
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the other hand, one significant property, that makes all these structures to be treated similarly is the low 
tensile strength. 
Out-of-plane behavior 
The out-of-plane failure of masonry members under seismic actions is a common phenomenon. The 
lack of sufficient connections between walls to walls and walls to floors result in the out-of-plane damage 
and failure of masonry members. In these cases the out-of-plane failure mechanisms are activated for 
lower ground motions than the in-plane ones. Even though there have been many attempts and 
recommendations in modern codes for avoiding out-of-plane failures, it is still an existing problem and 
an important field of research. 
2.1. Graphic statics and limit analysis 
One of the first analytical methods, which is based on equilibrium, is graphic statics. Its origins date back 
to the 17th century, when Robert Hooke discovered that the ideal shape for a masonry arch is the 
inverted catenary curve drawn by a chain subjected to its self-weight. Graphic statics (see in Huerta 
1990, 2001) and thrust line theorem (see in Heyman 1966) is still useful for stability assessment of 
vaulted structures and buttresses, and various computational software have been developed for this 
purpose. 
The assessment of equilibrium of rigid bodies composing the structure using static and kinematic limit 
analysis was widely used from the 18th to the 20th century. Heyman provided a formulation in the middle 
of the 20th century, based on plastic limit analysis, which is a powerful tool for the stability analysis of 
structures, for which infinite compression strength and no tensile strength can be assumed, and the 
sliding between the structural parts is not considered (Heyman 1966). With this analysis technique, the 
ultimate collapse load can be obtained for previously assumed mechanisms (Figure 1). 
 
Figure 1 – Kinematic out-of-plane failure mechanisms of unreinforced masonry buildings 
based on D’Ayala and Speranza (2002) 
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 5 
Giuffrè and Carocci proposed an approach to study the seismic vulnerability of masonry substructures 
(macro-elements) based on limit analysis (Giuffrè & Carocci 1993). Its combination with the capacity 
spectrum method became a widely applied method, and it became part of the Italian seismic code. 
Advanced computer based methods have been also developed for the limit analysis more recently (see 
Mundell 2009 for examples). 
The limitation of these methods is that pre- and post-peak behavior cannot be easily evaluated and only 
the ultimate failure load can be obtained. 
2.2. Numerical methods 
Linear elastic analysis of masonry structures is not a suitable option, due to the very low tensile strength 
of the material. With the increase of computational capacity, however, nonlinear analysis is becoming 
more and more popular. Depending on the purpose of the analysis, there is a big variety in elaboration 
of the numerical models. 
There are simplified, computation based approaches, such as the lumped mass method for dynamic 
analysis, the equivalent frame method where truss and beam elements are used or the models with rigid 
or deformable panel macro-elements representing the structural members. 
More detailed analysis is possible using the finite element method (FEM). Modelling of cracking has 
been in the focus of interest since the earliest application of finite element method, first for reinforced 
structures, both in professional and in academic works. Many different strategies have been developed 
since then, applicable for different type and scale of structures. 
Since the first applications, two main alternative approaches have been present: discontinuous and 
continuous models. In the discontinuous, or discrete crack models, the displacement field of the model 
is not continuous, but it jumps from one side of the crack to the other one. In the continuous approach 
no separation is allowed among the elements, but the difference in the displacement at the two sides of 
the crack is distributed, smeared within one element width. 
Using the finite element method it is possible to describe the complex geometry of the structure, but with 
the more detailed models the time demand for constructing the model and for the analysis increases. 
The proper choice of the level of simplification is a fundamental issue prior to the analysis. 
Micro- and meso-scale discontinuous models 
Micro- and meso-scale models, defined by Lourenço (1996), describe the components of the masonry 
material separately. The concept of these approaches is shown in Figure 2. 
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Figure 2 – Modelling strategies for masonry structures (Lourenço 2002) 
The most detailed is the micro-modelling approach, where the materials composing the masonry 
structure (unit and mortar) are modelled separately with continuum elements, with distinct material 
properties assigned to each of them separately. An example for micro modelling of a shear wall can be 
seen on figure Figure 3. 
In simplified micro-models, or meso-models only the units are modelled with material properties that 
combine the properties of the unit and the mortar. An example for analyzing out-of-plane behavior using 
a meso-model is shown on Figure 4. 
Both in micro and meso-models discontinuity elements are inserted between the continuum elements, 
which represent the connection and the possible crack between them. All the possible failure modes are 
modelled: cracking of the joint, cracking of the unit, sliding along joints and crushing of the material. 
 
Figure 3 - Results of an analysis of a shear wall with micro-modelling, showing the deformed meshes 
at peak and ultimate load (Lourenço 2002) 
With these modelling techniques local response of the structure can be well captured, but the elaboration 
of the model makes it inappropriate for larger scale structures. Also, the number of material properties 
necessary for describing the unit, the mortar and their connection is very high, and to obtain them with 
experimental methods is very challenging. 
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Figure 4 – Elements of a meso-scale model and collapse mechanism of a meso-scale model of a wall 
Macorini & Izzuddin (2010) 
Macro-scale continuum models 
In macro-modelling approach, there is no distinction between units and joints, but the material is 
modelled as a homogenous continuum with orthotropic or isotropic properties. The material parameters 
can be obtained from tests on sufficiently large panels or can be calculated using a numerical 
homogenization technique from the properties of the units and the mortar. Due to the assumed 
homogenized continuum in macro-modelling approaches, the materials are modelled in a more 
approximate way than in the micro modelling ones. On the other hand, this approximation reduces the 
computational demand of the analysis. 
In macro-models continuum based approaches are used instead of applying discontinuities to model 
the fracture of the material. The most common is the smeared crack approach, coming directly from 
computational continuum mechanics. In this model the difference in displacement in the two sides of the 
crack is distributed, smeared within an element width, and the material properties (stiffness and strength) 
are modified with the level of cracking, according to a strain softening constitutive law. This model was 
first used by Rashid (1968), and due to the simplicity of the concept it could be easily implemented in 
finite element. Smeared crack model in different versions became standard practice in the 1980ies, and 
they were frequently used for reinforced concrete plate, shell and solid structures (Cervera 1986), both 
in static (Cervera et al. 1987) and dynamic/seismic (Cervera et al. 1988) applications. 
It was discovered in the 1970ies, that the energy dissipated in a crack of one element width is 
proportional to the size of the element. This means, that with mesh refinement the dissipated energy 
vanishes. The problem was solved with the crack band model proposed by Bazant and Oh (1983), in 
which the fracture energy of the material is regularized to the element size. 
In the classical crack models initially isotropic material is assumed, with a Rankine failure criterion for 
tension. After cracking the material becomes orthotropic with different stiffness properties parallel and 
perpendicular to the crack. In the first crack models, the direction of the cracks was fixed to the initial 
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direction of the cracking. First fixed crack models were used with multi directional cracks, meaning that 
more cracks can open simultaneously in one point in different directions, over a given threshold angle 
(Figure 5). 
 
Figure 5 – Multi directional fixed crack model (DIANA 2011) 
Another possibility is the total strain crack model, where cracks can open in two orthogonal directions 
only. However, in all fixed crack models, with the rotation of the principal direction during the analysis, 
the problem of shear locking raises, which means a spurious shear strain transfer across the cracks 
(Jirásek & Zimmermann 1998). Shear locking can be partially avoided by using rotating crack models, 
where the two orthogonal directions of the cracking rotate with the principal directions (Figure 6). Review 
of the damage based approaches can be found in Borst (2002). 
 
Figure 6 – Fixed and rotating crack concept (Jirásek 2014) 
Since the 1990ies, however, isotropic damage models are preferred to the orthotropic ones (see in 
Finchant et al. 1999 and Cervera et al. 1996). In isotropic damage models the stiffness of the element 
is reduced in all directions with cracking in one direction. This could mitigate the problems arising from 
stress locking even more than the rotating crack models. With these models, the anisotropy of the 
material is not represented in the element itself, but in a sequence of isotropic damaged elements. 
Anisotropic damage models have been also developed, but they still suffer from the problem of stress 
locking. 
A still present problem is related to the direction of the finite element mesh compared to the direction of 
the propagating crack (Cervera 2008, Cervera & Chiumenti 2006). Results depend on direction of the 
mesh, and consistent results can be obtained only in case of the alliance of the mesh direction with the 
crack. 
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A possible improvement of the model presented by Clemente et al. (2006), is the use of local crack-
tracking algorithm in order to reproduce localized, individual cracks instead of distributed damage 
(Figure 7). 
 
Figure 7 - Seismic analysis of Mallorca Cathedral. Distributed vs. localized damage 
(Clemente et al. 2006) 
A plasticity based anisotropic model also exists for modelling the behavior of masonry, introduced by 
Lourenço (1996), and it was later applied for modelling out-of-plane behavior by Lourenço (2000). 
The big advantage of macro-modelling is that the finite element mesh is independent from the unit size 
and arrangement. The mesh can be generated automatically and the elements can be larger than the 
units. With changing the element size the accuracy of the results and the numerical cost of the analysis 
can be adjusted, making it suitable both for small and large scale models. This makes the method 
efficient in case of large structures. However, in case of complex historical constructions, cathedrals for 
example, the discretization is still time consuming and the analysis still require big computational 
capacity and time to analyze, like in the example shown on Figure 8. 
 
Figure 8 – Finite element model for a block compound in Lisbon: (a) finite element mesh with 200 000 
degrees of freedom. (b) results for seismic analysis with equivalent static loading (Ramos 2002) 
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For this reason the wise choice of the finite elements is important. Their geometry, basic assumptions 
and simplifications, and their different parameters all effect the accuracy and cost of the analysis. Crack 
and damage models are used with plate, shell and solid elements (Cervera et al. 1986). The use of solid 
3D elements is more common, especially for modeling out-of-plane behavior. An example for a full scale 
structural model with solid elements is in Pelà et al. (2013), where a masonry arch bridge was analyzed. 
On contrary, an example for using shell elements is the recent work of Endo et al. (2015) where a 
historical church struck by 2009 L’Aquila earthquake was analyzed with different techniques. 
An extensive study on the behavior of shell and solid elements for modelling out-of-plane behavior of 
structural members can support a more well-founded choice of the elements for analyzing larger scale 
masonry constructions. 
2.3. Experimental methods 
Several laboratory and in situ test have been performed in order to study in-plane and out-of-plane 
behavior of masonry walls, vaults and domes. With the more straightforward load control based 
experiments the post-peak softening behavior cannot be captured. For this reason displacement based 
experimental test setups are more favorable. 
Some examples for the out-of-plane experiments will be shown in this section. Some experiments focus 
on the capacity of the masonry structure depending on the direction of bending, like in Gazzola et al. 
(1985), where 25 wallets of hollow concrete panels were tested for bending in different angles to the 
bed joints (Figure 9). 
 
Figure 9 - a) Testing of block wallets; b) Stepped failure pattern (Gazzola et al. 1985) 
In other experiments single leaf walls were tested for out-of-plane load, like in Gazzola and Drysdale 
(1986), where five full scale specimens with different support conditions were tested with uniformly 
distributed load applied through air bags. 
Walls with return walls or with openings are also tested in order to understand the more complex 
structural behavior. Such an example can be found in Vélez et al. (2010), where dry stone masonry 
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specimens were tested for static out-of-plane load on tilting platform, or in Bui & Limam (2012) where a 
concrete block masonry specimen was tested, loaded with pressure water bags (Figure 10). 
 
Figure 10 – Test setup for masonry specimen loaded with pressure water bag (Bui & Limam 2012) 
Finally, small scale models of complete buildings are also part of experimental tests with dynamic 
loading, in order to capture complex failure modes, like in  Ramos et al. (2005) where  a masonry-box 
structure was tested on shaking table mainly for modal identification. 
The examples modelled in this work are chosen from previously performed experiments.  
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3. THE FINITE ELEMENT MODEL 
3.1. The material model 
In DIANA software (DIANA 2011) different material models are available for modeling brittle materials 
such as concrete and masonry. However many of these models are available only for in plane actions, 
that is not suitable for the aims of this work. 
Two smeared crack models are available: the multi-directional fixed crack model and the total strain 
crack model. The second was used in all the examples of this work. In this model the tension and 
compression behavior is described with one stress-strain relationship. Both fixed and rotating crack 
models are available inside the total strain concept. The rotating crack model was used, where the 
stress-strain relationship is always evaluated in the principal direction of the strain vector, so the crack 
can rotate with the principal strain directions. The Rankine failure criterion was applied. 
The smeared crack models can be applied to initially isotropic materials. Initial orthotropic material 
properties cannot be considered in modeling brittle out-of-plane behavior in DIANA. For this reason the 
results obtained in this thesis are difficult to be compared to experimental results or orthotropic numerical 
results. However, for the modelled barrel vault in the fourth example, numerical result are available 
obtained with initially isotropic material. These results could be used for calibration and comparison. 
Compression behavior 
This thesis focuses mostly on the tension cracking behavior of the material. In compression linear 
elasticity is assumed. In the cases when the DIANA model is compared to laboratory experiments or 
other numerical models, these models also showed only tensile failure. Therefore, the assumption of 
linear elastic behavior in compression is deemed as appropriate. 
Tension behavior 
Fracture energy based linear tension softening law is applied in this work. The defined fracture energy 
is related to the total (elastic plus cracking) strain, as shown in Figure 11. In DIANA the given fracture 
energy is regularized using the default or used-defined crack bandwidth. 
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Figure 11 - The fracture energy based linear softening law 
The default crack bandwidth is ℎ = √2𝐴  for linear 2D elements, and ℎ = √𝐴  for higher order 2D 
elements, where A is the area of the element. In case of linear quadrilateral elements this crack 
bandwidth definition gives incorrect results, and ℎ = √𝐴 has to be inputted manually instead of ℎ = √2𝐴. 
For this reason, the crack bandwidth was user-defined for each model discretized with linear 2D 
elements. 
For 3D elements the default crack bandwidth is ℎ = √𝑉, where V is the volume of the element. 
For both 2D and 3D elements the crack bandwidth has to be treated with attention. In case of not regular 
element shapes (rectangles and bricks instead of squares and cubes), the ℎ = √𝐴 and ℎ = √𝑉 can give 
incorrect results. In these cases the element size perpendicular to the main direction of cracking should 
be considered as the crack bandwidth, as shown in Figure 12. If the size of the elements is not uniform, 
but varies a bit from element to element, the manually inputted crack bandwidth will be inaccurate. This 
inaccuracy can affect the results. 
 
Figure 12 - Crack bandwidth for a solid brick element under uniaxial bending 
It is interesting to mention, that since the defined fracture energy includes also the elastic energy, very 
small fracture energy can result in a snap-back in the constitutive model. In addition, the minimum 
fracture energy that corresponds to brittle behavior depends on the mesh size: 
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So in case of using big elements, small fracture energy has to be used with caution. 
In the first three examples, a Poisson’s ratio equal to zero is used. For the rest, a damage based 
Poisson’s ratio reduction is used.  
3.2. The finite elements 
In this chapter, all the elements used during the analysis are introduced. 
For each model only one type of element is used in order to clearly understand its behavior. All the 
analyzed examples were modeled using 2D and 3D elements. 
3.2.1. Shell elements 
In DIANA element library (DIANA 2011), flat shell and curved shell elements are available. However, 
flat shell elements are inappropriate for nonlinear out-of-plane analysis, because numerical integration 
is not performed through the thickness of the elements. 
All the shell elements used in this thesis are planar curved shell elements, introduced in Figure 13. 
 
Figure 13 - Geometry and loading of the curved shell elements (DIANA 2011) 
The basic assumptions of the curved shell elements are the following: 
 normals remain in-plane 
 transverse shear deformation is included according to the Mindlin–Reissner theory 
 the transverse shear strains are forced to be constant through the thickness 
The thickness of the element is supposed to be small compared to the other sizes of the element. 
However, for modeling historical constructions many times this condition does not apply. The 
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comparison of the results obtained with shell and solid elements can give a hint on how reliable shell 
elements are with big thickness. 
 
Figure 14 - Degrees of freedom of the curved shell elements (DIANA 2011) 
For each node five degrees of freedom are defined: three translations and two rotations, as shown in 
Figure 14. 
For triangular elements 3 point integration is used, while for quadrilaterals 2×2 integration is used in 
plane of the element. 
Special attention was dedicated to the through thickness integration during the analysis. The default is 
3 points Simpson integration, but 2 points Gauss and 3, 5, 7, 9 and 11 points Simpson integration is 
also possible. With the Simpson integration rules the external integration points are on the outer surfaces 
of the element. 
In most of the analyses 9 points integration was used, but also 5 and 7 points integration was tested in 
order to find the necessary number of integration points for each model. 
The following regular curved shell elements were used: 
 3 node triangle (T15HS) 
 6 node triangle (CT30S) 
 4 node quadrilateral (Q20SH) 
 8 node quadrilateral (CQ40S) 
Besides regular curved shell elements layered shell elements are also available in DIANA material 
library. In layered elements the thickness of the element is subdivided into a number of layers (Figure 
15). All the layers can have their own thickness and material properties. For each layer through thickness 
numerical integration is performed separately. 
These elements were also used in this thesis in order to see the effect of having a much greater number 
of integration points through the thickness. Shell elements with two layers were used with 9-9 integration 
point in each layer. The following element was used: 
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 8 node quadrilateral (CQ40L) 
 
Figure 15 - The layered quadratic quadrilateral curved shell element (DIANA 2011) 
3.2.2. 2D plane strain elements 
The first analyzed example is a wall under bending only in one direction. Instead of modeling the whole 
wall with 3D solid elements, only the cross section was modeled with plane strain elements, as a 
simplification. 
Four node plane strain elements were used, with two translation degrees of freedom in each node, and 
with 2×2 integration. The following plane strain element was used: 
 4 node quadrilateral (Q8EPS) 
3.2.3. 3D solid elements 
8-node solid brick elements were used with 2×2×2 integration. 20-node solid brick elements with 3×3×3 
integration were also used in the fourth example, for comparison. The specific elements used are the 
following: 
 8-node brick (HX24L) 
 20-node brick (CHX60) 
It is important to note, that the integration points of the solid (and plane strain) elements are inside the 
element, and not on the external surfaces of the element. This means that in the nonlinear analysis 
cracking does not start when the stress on the surface reaches the tensile strength. Therefore cracking 
will start with a delay, when the adopted failure criterion is satisfied at the location of the integration 
point. In the nonlinear analysis, however, it is important to capture the peak stresses and this is not 
possible with this integration scheme. 
With shell elements this problem does not arise, as it has integration points on the surfaces. For this 
reason in all the analyses the cracking starts earlier for the model with shells and the damage is more 
distributed along the outer surfaces. 
Numerical Analysis of Out of Plane Behavior of Masonry Structural Members 
Erasmus Mundus Programme 
18 ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
3.3. The mesh 
In all cases the shape of the 2D elements were kept rectangular with nearly equal sides. Also the shape 
of 3D elements was kept close to cubic in most cases. In order to keep the number of nodes low with 
increasing the number of solid elements through the thickness, brick elements with square shape in-
plane of the structure and half the size in the third direction were also used. 
The thickness of the modelled structures varies between 0,15 m and 0,4 m. The size of the finite 
elements vary between 0,4 m and 0,03 m. For shell elements it results in most cases in a thickness 
greater than the two other dimensions of the element. 
3.4. Solution methods and analysis parameters 
For the first three models the following analysis parameters were used: 
 arc-length control (solution method: updated normal plane, unloading determination: negative 
pivots) 
 regular Newton-Raphson iteration method with tangential stiffness in the first iteration step, with 
the maximum number of 100 iterations, using line search 
 convergence norm: displacement (1%) and force (1%) 
 used defined load steps 
In the last two examples, the following changes were made in the analysis method: 
 linear stiffness was used in the first iteration step for the Newton-Raphson iteration method 
 the convergence norm was changed to residu (0,5%) in order to avoid stress oscillation 
Very small step size was used in all the cases. The sensitivity of the analyses to the step size was not 
studied in this work.  
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4. METHODOLOGY OF THE RESULT INTERPRETATION AND 
COMPARISON 
All five structural examples were modelled both with curved shell and solid elements. Both linear and 
nonlinear analyses were performed for the models with the same loading conditions and the same 
analysis conditions. The results were evaluated and compared in the following ways: 
Linear elastic analysis 
 The convergence of displacements and principal stresses upon mesh refinement was studied 
for linear and quadratic shells and linear solids. 
 The displacements and principal stresses obtained using different elements were compared. 
 The speed of convergence upon mesh refinement using different elements was also 
compared. 
Nonlinear analysis 
 The effect of mesh refinement on the load-displacement relations was studied for all the used 
elements. 
 The effect of using different number of integration points through the thickness of the shell 
elements was studied. 
 The results obtained by using different finite elements were compared in the following aspects: 
 Load-displacement relations 
 Failure mechanism 
 Damage pattern and distribution 
 Size of the model and time required for the analysis 
 The results were also compared with previous available experimental or numerical results. 
 Further comments are provided on the experiences obtained by creating the models using 
different elements and on the stability of the numerical analysis.  
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5. EXAMPLE 1 – WALL SUPPORTED ON TWO SIDES 
5.1. Description of the model 
The first example is a long wall with uniformly distributed surface load on the face (Figure 16). As a 
simplification the self-weight of the wall is not considered. 
 
Figure 16 - The geometry of the wall, showing the modeled part with red 
The wall has simple supports (vertical roller) at the top, fixed supports at the bottom and no supports at 
the two sides. 
Model with shell elements 
Since the wall experiences bending only in one direction, it is possible to model only a short portion of 
the wall, assuming symmetrical supports on the sides. The curved shell elements have square shapes, 
and the model is one element wide. So in case of smaller element sizes the model becomes narrower. 
On the top of the wall the out-of-plane translations are fixed, at the sides lateral in-plane translations, 
the in-plane vertical and the out-of-plane lateral rotations are fixed (creating a symmetrical support), and 
on the bottom all translations and rotations are fixed. The applied boundary conditions can be seen in 
Figure 17. 
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Figure 17 - Top, side and bottom supports of the model with linear shell elements 
The model was made using linear and quadratic quadrilaterals with four different element sizes: 20 cm, 
10 cm, 5 cm and 3,33 cm, which result in 10, 20, 40 and 60 element along the height of the wall 
respectively. The model was also made with linear and quadratic triangular elements of 5 cm element 
size. 
Model with plane strain elements 
Instead of using 3D elements it is possible to model only the section of the wall with plane strain 
elements, since the bending moments act only in one direction. All the plane strain elements have a 
square shape. Four different models were made, using 2, 4, 8 and 12 elements along the thickness of 
the wall. The element sizes are 20 cm, 10 cm, 5 cm and 3,33 cm respectively. 
At the top of the wall the nodal translations are fixed in the lateral direction. At the bottom of the wall the 
nodal translations are fixed in both directions (Figure 18). 
 
Figure 18 - Top and bottom supports of the plane strain model 
Material parameters 
A typical value of Young’s modulus and tensile strength for masonry made of concrete blocks was used 
in the analysis. Relatively high fracture energy was used in order to ensure a stable nonlinear analysis. 
The Poisson’s ratio has different effect in the two models. In the shell model the Poisson’s ratio causes 
strain in the plane of the wall, while in the plane strain model it causes strain through the thickness of 
the wall. It is not possible to model the through thickness Poisson’s effect with the shell elements. In 
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order to eliminate the differences between the two models due to these effects, the Poisson’s ratio was 
defined as 0. 
The material parameters used in the analysis can be seen in Table 1. 
Table 1 - Material parameters used for the model 
Young’s modulus 5,00 GPa 
Poisson’s ratio 0,00   
Density 1800 kg/m3 
Tensile strength 0,50 MPa 
Fracture energy 200 Nm/m2 
5.2. Results of the linear analysis 
The models were first analyzed and compared using linear elastic material models. With this comparison 
it can be assured that all the models describe the same desired structure. Also, the study of convergence 
with mesh refinement can help in finding the sufficient element size. 
3000 N/m uniformly distributed out-of-plane surface load was imposed to them. Displacements and 
principal stresses were compared for all the models. The analytical solution using the Timoshenko beam 
theory was calculated, and the results obtained with the numerical models were compared to this. 
In Figure 19 the lateral out-of-plane displacements of the node at the maximum displacement (at around 
3/5 of the span) are shown. For the plane strain model the node in the middle of the thickness of the 
wall was chosen. 
 
Figure 19 - Convergence of the maximum displacement with mesh refinement 
It can be observed that the shell models converge to the analytical solution but the plane strain models 
do not. This is due to the fact that the assumptions made with shells are very close to the assumptions 
of the Timoshenko beam theory. However, the plane strain model is not based on the same assumptions 
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(e.g. sections do not remain plane in the plane strain model). The difference is 0,4 % between the 
displacements of the shell and solid models with the fines meshes. 
The displacements using quadratic shell elements with coarse mesh are already very close to the 
analytical solution. Faster convergence can be observed with linear shells than with plane strain 
elements. With shell elements 2,8% is the difference in displacements from the coarsest to the finest 
mesh. With plane strain elements this difference is 5,5%. 
The elements size of 20 cm can be considered big compared to the size of the structure. On the other 
hand, if we consider a complete new or historic structure the 20 cm element size already results in a 
large number of elements. 
It should also be noted, that the inaccuracy of the displacements can be enlarged in the stresses, as the 
stresses are calculated from the displacements. In addition, the inaccuracies in the linear analysis result 
in significant differences in the nonlinear range of the analysis. 
In Figure 20 the convergence of the principal stresses calculated at the integration points upon mesh 
refinement can be seen. For the case of the principal stress at the location of the largest displacement, 
the shell models are very close to the analytical solution even with coarse mesh. The plane strain results 
show a slower convergence, and they seem to converge to a lower stress level. 
For the case of the principal stress at the support, the shell models approach to the analytical solution 
fast. The results with the plane strain elements increase fast with mesh refinement. This is caused by 
the stress singularity effect in the corner element. The level of stresses converging to infinity with mesh 
refinement decrease with the appearance of a crack at that point. 
 
Figure 20 - Convergence of the principal stresses with mesh refinement 
5.3. Results of the nonlinear analysis 
5.3.1. Mesh sensitivity 
The results for the plane strain model with different mesh sizes show good consistency, as it is visible 
in Figure 21. With the mesh size of 5 and 3 cm the peak load and the displacements are very similar. 
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With 10 cm elements the behavior is close to the behavior of the finer meshes. The model with 20 cm 
elements, so four integration points along the thickness show different, more rigid behavior. 
 
Figure 21 - Results of the nonlinear analysis of the model with plane strain elements  
The results of the analysis with linear shell elements show no consistency. With mesh refinement the 
dissipated energy increases drastically. The peak load and displacements are bigger than that of the 
plane strain model. 
The results from the models with quadratic shell elements show consistency with the different meshes. 
However, the ductility of the structure, the peak load and the dissipated energy show some increase. 
The model with triangular elements has similar peak load as the other models, but the dissipated energy 
is higher. This can be caused by the overestimation of the crack bandwidth for the right-angled triangles 
which was defined as the size of the shorter side. 
 
Figure 22 - Results of the nonlinear analysis of the model with linear and quadratic shell elements with 
9 integration points through thickness 
No explanation was found for the inconsistent behavior of the linear shell elements. These elements 
were still used for the rest of the models in order to understand their behavior better, but the results 
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obtained with them were used with great care. The quadratic shell elements were used for comparison 
with the models with plane strain and solid elements. 
5.3.2. Through thickness integration 
The results shown in Figure 22 were obtained with using not layered quadratic shell elements with 9 
integration point through thickness. Mesh size sensitivity study was also performed with two-layered 
shells and 2×9 integration points. The curves are smoother than the previous ones, as shown in Figure 
23. The small increase in the dissipated energy can be observed also here. 
 
Figure 23 - Results of the nonlinear analysis for the model with layered quadratic shell elements with 
2×9 integration points through the thickness 
For the model with 5 cm elements the results obtained with 5, 7, 9, and 2×9 integration points are 
compared in Figure 24. The results with 5 and 7 integration points show important differences in the 
peak load  comparing to the result with 18 integration point. With 9 integration point the peak load is 
very close the peak load with 18 integration points. Using not layered elements with 9 integration points 
seems to be sufficient enough, so in the following examples layered elements will not be used. 
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Figure 24 - Results obtained with different number of integration points through the thickness for the 
model with 5 cm quadratic shell elements 
5.3.3. Comparison of the shell and plane strain models 
The shell model with 5 cm element size and the plane strain model with 5 cm element size were chosen 
for comparison. They are very close in the elastic behavior and in peak load. 
 
Figure 25 - Comparison of the results of the models with quadratic shell and plane strain elements 
The state of damage represented by the cracking strain can be seen for both models at the peak load 
and at a post-peak load with same displacements in Figure 26 and Figure 27 respectively. The 
presented steps are marked on the graphs in Figure 25. 
For the shell models the cracking strain can be plotted in the plane of each integration point through the 
thickness. This way the crack propagation thought the thickness can be observed. 
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Figure 26 - Cracking strain for the shell and plane strain models at the peak load 
 
Figure 27 - Cracking strain for the shell and plane strain models after the peak 
Both models show the same failure mode. First a crack appears at the bottom support, which is very 
well localized from the beginning. At the location of the biggest bending moments on the other side 
distributed cracking starts, which do not localize in one element during the whole analysis (however, it 
localizes in four separate lines in the plane strain model). Softening starts slowly after the peak. It is due 
to the high fracture energy and to the distributed cracking. 
The depth of the damaged zone is very similar for the two models in both phases. 
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5.4. Conclusions of the example 
The conclusions from the first example are the following: 
 Results are consistent in the linear range with mesh refinement using all elements. 
 Quadratic shell elements converge the fastest and plane strain elements converge the slowest 
with mesh refinement in the linear range. 
 A difference in the response between the two models is anticipated, since the base 
assumptions for the different elements are not the same. 
 Results are consistent in the nonlinear range with mesh refinement with plane strain 
elements. 
 Results are not consistent with linear shell elements. 
 Results are consistent with quadratic shell elements, but a small increase in the dissipated 
energy can be observed with mesh refinement. 
 9 integration points through the thickness of the shell elements are sufficient, less than 9 are 
not enough for this model. Two plane strain elements, so four integration points in the 
thickness of the model are not enough for accurate results. 
 Models with quadratic shell and linear plane strain elements give similar result. The damage 
distribution is also similar.  
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6. EXAMPLE 2 – WALL SUPPORTED ON THREE SIDES 
6.1. Description of the model 
The second and third examples are models of panels tested in the laboratory by Gazzola et al. (1985), 
and numerically analyzed using an anisotropic softening model based on plasticity by Lourenço (2000). 
In these two papers the analyses of walls made of concrete blocks with simple supports and uniformly 
distributed out-of-plane surface load were performed. Two of these walls were selected to be analyzed 
in this work. 
The first is a wall with simple supports on three sides and free edge on the fourth side. The dimensions 
of the panel match the dimensions of panel WF in Lourenço (2000). As the panel is symmetrical to the 
vertical axis at its mid-length, only half of the wall was modeled (Figure 28), assuming appropriate 
boundary conditions to account for the other half. 
 
Figure 28 - The geometry of the wall, showing the modeled part with red 
Model with shell elements 
Figure 29 illustrates the applied boundary conditions for the shell model. At the right and bottom edges 
all the nodal translations are fixed in the out-of-plane direction. At the bottom edge also the in-plane 
horizontal translations are fixed. At the left edge the in-plane lateral translation and the in-plane vertical 
and out-of-plane lateral rotations are fixed, creating a symmetrical support. 
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Figure 29 - Simple supports at the bottom and the right side, and symmetric support at the left side of 
the shell model 
Three meshes were generated with element sizes of 31 cm, 16 cm and 10 cm, with linear and quadratic 
elements for each one of them. The four sides of the elements are nearly equal. 
Model with 3D solid elements 
Since the thickness is relatively small compared to the other two dimensions of the wall, in order to have 
sufficient number of nodes and integration points through the thickness, the element size has to be 
small. Two and four elements were used through the thickness. Three models were made, using 
15×15×7,5 cm3 elements, 7,5×7,5×7,5 cm3 elements and 7,5×7,5×3,3cm3 elements. In the case of the 
15×15×7,5 cm3 and 7,5×7,5×3,3cm3 elements the crack bandwidth was user-defined as 15 cm and 7,5 
cm respectively. 
At the right side and the bottom of the panel the out-of-plane nodal displacements were fixed for the 
nodes in the center plane of the wall. At the bottom also the vertical translations were fixed for the same 
nodes. At the left side the lateral in-plane translations were fixed for all nodes, creating a symmetrical 
support. The applied boundary conditions are shown in Figure 30. 
   
Figure 30 - Symmetric support at the left side, simple support at the bottom and the right side of the 
solid model 
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Material parameters 
The material model used in Lourenço (2000) is orthotropic, so the material parameters used in that 
analysis could not be directly used. For each parameter the chosen value is between the values for x 
and y directions from the anisotropic analysis. The Poisson’s ratio is kept as 0 for the reasons described 
in chapter 5.1. 
Table 2 - Material parameters used for the model 
Young’s modulus 5,00 GPa 
Poisson’s ratio 0,00   
Density 1800 kg/m3 
Tensile strength 0,50 MPa 
Fracture energy 400 Nm/m2 
6.2. Results of the linear analysis 
3000 N/m uniformly distributed out-of-plane surface load was imposed to the models in the linear 
analysis. Displacements and principal stresses are compared for all models. In Figure 31 the lateral out-
of-plane displacement of the point at the middle of the free edge of the panel is shown. The 
displacements are plotted in function of the total number of degrees of freedom of the model, which was 
chosen as an index number for the size of the model. 
There is almost no variation in the displacements with the quadratic shell elements with mesh 
refinement, so the most coarse mesh is already sufficient. The difference in displacements between the 
model with the coarsest mesh with linear shell elements and the model with quadratic shell elements is 
less than 5 %. The difference between the solid models with the coarsest and finest meshes in 
displacements is 2,6%. So in the elastic range in terms of displacements the coarsest meshes give 
already quite accurate results. 
 
Figure 31 - Convergence of the lateral displacement with mesh refinement 
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The maximum principal stress at the same point are shown in Figure 32. The two shell models are very 
close already with the coarsest meshes. On the other hand, the results with the solid model converge 
slower. The difference between the finest and coarsest meshes is 18,6 %. So the use of finer mesh is 
justified in this case. 
 
Figure 32 - Convergence of the maximal principal stress with mesh refinement 
6.3. Results of the nonlinear analysis 
6.3.1. Mesh sensitivity 
The results of the nonlinear analysis of the model with solid elements are shown in Figure 33. There is 
some increase in the peak load and displacement with mesh refinement both in plane of the model and 
through the thickness. 
 
Figure 33 - Results of the nonlinear analysis of the model with solid elements 
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The results obtained with the shell models are shown on Figure 34. For all the models with mesh 
refinement the dissipated energy and the peak load increases. The peak loads obtained by the linear 
and quadratic elements are similar, but the behavior in the softening part differs. 
 
Figure 34 - Results of the nonlinear analysis of the models with linear and quadratic shell elements 
6.3.2. Through thickness integration 
The results obtained using 5, 7 and 9 integration points give very similar results, as shown in Figure 35. 
With 5 points the same failure could not be captured. 
 
Figure 35 - Results of the nonlinear analysis obtained with 7 and 9 integration points 
with 15 cm quadratic shell elements 
In Table 3 the average time used for reaching the same displacement in the analyses is compared for 
the models with 7 and 9 integration points. Each models were run five times in a row, with the same 
conditions. The highest and lowest time results were eliminated, and the average of the three middle 
ones was calculated. 
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Table 3 - The running time of the analyses 
running time [s] 
7 387 
9 426 
With using 7 integration point instead of 9, the running time decreases with 9%. 
6.3.3. Comparison of the models with shell and solid elements 
The results obtained with quadratic shell and linear solid elements using the same mesh size in-plane 
of the panel are very close in terms of initial stiffness, peak load, displacements and dissipated energy. 
The results obtained with 15×15 cm2 quadratic shell elements and the with 15×15×7,5 cm3 solid 
elements were chosen for comparison. The shell model has 9 integration points while the solid model 
has 4 integration points per thickness. 
 
Figure 36 - Comparison of the results of the models with plane strain and quadratic shell elements 
The cracking strain for the two models around the peak load and in the softening part with the same 
displacement are presented in Figure 37 and Figure 38. The figure illustrate the surface on the opposite 
side of the applied load. The presented steps are marked on the graphs of Figure 36. 
Until reaching the peak load a widely distributed damage can be observed on both models. After 
reaching the peak the damage starts to localize to one line of elements, creating a single crack. The 
crack localization and opening appears in a steep drop in the load-displacement curve. 
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Figure 37 - Cracking strain around peak load. 
Left: model with quadratic shell elements, right: model with linear solid elements 
 
Figure 38 - Cracking strain at post peak. 
Left: model with quadratic shell elements, right: model with linear solid elements 
In Figure 39 the plastic strain on the same surface of the wall is shown from Lourenço (2000), for the 
ultimate load. It is interesting to compare how the orthotropic behavior of the model effects the failure 
mode. The line of plasticization is more flat, and the two diagonal lines abut at the center of the walls, 
because the material is much weaker in the vertical direction. The ratio between the horizontal and 
vertical tensile strength and fracture energy was 0,3 and 0,07. 
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Figure 39 - Plastic strain at peak load obtained with the anisotropic plasticity model (Lourenço 2000) 
The peak load obtained by the plasticity model is around 3,7 kPa. The magnitude of the peak load is in 
the range of the peak loads obtained by the presented crack models. 
A comparison of the models with shells and solids showing the same behavior was made in terms of 
size of the model and cost of the analysis. The size of the model can be described with the number of 
elements, nodes and the total number of degrees of freedom. The time used for the two analysis until 
the same displacement was measured, using the same solution method, step size and convergence 
criterion was used for these analyses. 
The results are shown in Table 4. The time used for running the analysis with shell models is 2,7 times 
bigger with 9 integration points and 2,4 more with 7 integration points compared to the analysis with the 
solid elements. The number of degree of freedom of the shell model is 1,4 times more than of the solid 
model. 
Table 4 - Quantitative comparison of the size and cost of the two models 
  nr. of elem. nr. of nodes nr. of DOF running time 
shell 288 933 4665        426 (387) 
solid 646 1080 3240        159 
 
6.4. Conclusions of the example 
The conclusions from the second example are the following: 
 Results are consistent in the linear range with mesh refinement with all elements. The coarsest 
meshes give very accurate displacements, but mesh refinement is necessary with solid 
elements for accurate stresses. 
 Both shell and solid models dissipate more energy with mesh refinement, like in the previous 
example. 
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 Models with quadratic shell and linear solid elements give similar result using the same 
element size in-plane of the panel. 
 7 integration points through the thickness of the shell elements are sufficient for this model. 
Two elements and four integration points through the thickness of the solid models already 
result in the same behavior, but the mesh refinement through the thickness makes significant 
difference. 
 The damage is widely distributed until peak load but it localizes in one single crack during the 
post peak part. 
 The analysis using quadratic shells requires more time than the analysis with solid elements. 
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7. EXAMPLE 3 – WALL SUPPORTED ON FOUR SIDES 
7.1. Description of the model 
This wall with simple supports at all sides corresponds to panel WII from Lourenço (2000). However, 
the thickness of the wall was increased from 0,15 m to 0,40 m in order to be able to make fine solid 
mesh with cubic elements. 
The panel is symmetric to two axes, so one quarter of the structure should be enough to be modelled. 
On the other hand, a horizontal crack is expected to form at the middle of the wall. If only one quarter of 
the wall is modelled, and the results are considered for the whole structure, the formation of one 
horizontal crack is assumed for both the lower and upper quarter, resulting in to cracks in the wholes 
structure. 
In order to avoid this problem all the comparisons were made with the models of the half structure shown 
in Figure 40. 
 
Figure 40 - The geometry of the wall, showing the modeled part with red 
For the sake of argument, one quarter was also modelled with solid elements, and compared to the 
equivalent model of half of the wall. 
Model with shell elements 
The support conditions of the wall are the same as for example 2, shown in Figure 29, except for the 
top edge which is supported the same way as the right side. 
Three meshes were generated with element sizes of 42×40 cm2, 21×20 cm2 and 10×10 cm2, both with 
linear and quadratic elements. 
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Model with 3D solid elements 
Two and four elements were used through the thickness. Three models were made, using elements in 
the sizes of 42×47×20 cm3, 21×20×20 cm3 and 10×10×10 cm3. 
The support conditions of the wall are the same as for example 2, shown in Figure 30, except for the 
top edge which is supported the same way as the right side. 
Material parameters 
The material parameters used in this model are the same as used in example 3. 
Table 5 - Material parameters used for the model 
Young’s modulus 5,00 GPa 
Poisson’s ratio 0,00   
Density 1800 kg/m3 
Tensile strength 0,50 MPa 
Fracture energy 400 Nm/m2 
7.2. Results of the linear analysis 
3000 N/m uniformly distributed out-of-plane surface load was imposed to the models in the linear 
analysis. Displacements and principal stresses were compared for all the models. In Figure 41 the lateral 
out-of-plane displacement, in Figure 42 the principal stresses at the point at the middle of the panel is 
shown. The displacements and stresses are plotted in function of the total number of degrees of freedom 
of the model. 
 
Figure 41 - Convergence of the lateral displacement with mesh refinement 
The behavior of these models is very similar to the previous ones, which had different boundary 
conditions and thickness, but same other dimensions and material properties. There is minimal variation 
in the displacements and principal stresses with mesh refinement for the model with quadratic shell 
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elements. The results of the model with linear shell elements converge fast, and the results of the model 
with solid elements converge slower. 
 
Figure 42 - Convergence of the maximal principal stress with mesh refinement 
7.3. Results of the nonlinear analysis 
7.3.1. Mesh sensitivity 
The behavior of the models is similar to the previous example also in the nonlinear range. Both with 
solid and shell elements the dissipated energy increases with mesh refinement both in plane and 
through the thickness, as visible in Figure 43. 
 
Figure 43 - Results of the nonlinear analysis of the model with solid elements 
The results obtained with linear and quadratic solids are similar until approaching the peak but the peaks 
and the softening part differ, as shown in Figure 44. 
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Figure 44 - Results of the nonlinear analysis of the models with linear and quadratic shell elements 
7.3.2. Through thickness integration 
Similarly to the previous example, 7 and 9 integration points through the thickness give very similar 
results, while 5 integration points give very different results. However, the thickness of the wall is 2,6 
times bigger than in the previous example, but the element size is similar. So in these examples the 
bigger thickness does not require more integration points. 
 
Figure 45 - Results of the nonlinear analysis obtained with 7 and 9 integration points 
with 20 cm quadratic shell elements 
The average running time for 7 and 9 integration points are compared in Table 6. With 7 integration 
points the running time is 10% lower than with 9 integration points. 
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Table 6 – Running time of the analyses 
running time (s) 
7 352 
9 392 
7.3.3. Comparison of the models with shell and solid elements 
Also in this example the solid and quadratic shell models with the same size of elements in-plane show 
similar behavior, as visible on Figure 46. With bigger elements there is a significant difference in the 
softening part of the solid and shell models. The solid model has only 4 integration points through the 
thickness, while the shell model has 9. With smaller elements the softening parts are also more similar. 
In this case the solid model has 8 integration points. 
 The initial stiffness and peak load are very close, but the shell models are a bit more ductile. 
 
Figure 46 - Comparison of the results of the models with shell and plane strain elements 
The cracking strain for the two models with 20 cm elements around the peak load and at two points in 
the softening part are presented in Figure 47 to Figure 49. The surface on the opposite side of the load 
is shown. The presented steps are marked on the graphs in Figure 46. 
Until reaching the peak load the damage is widely distributed on both models. At peak load the load 
drops suddenly, while the horizontal crack at the middle of the panel localizes and opens. During the 
further softening the diagonal cracks form and open. 
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Figure 47 - Cracking strain around peak load. 
Left: model with quadratic shell elements, right: model with solid elements 
In this example the main crack is aligned with the direction of the mesh. This visibly effects the 
localization of the crack. Since there is even number of finite elements along the height, the crack will 
be localized in the row of elements either above or below the middle of the wall. For the two models the 
crack is localized in a different row. 
 
Figure 48 - Cracking strain after peak load 
Left: model with quadratic shell elements, right: model with solid elements 
At ultimate load the two models show very similar strain distribution, and both the horizontal and the 
diagonal cracks are well localized in one element width. 
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Figure 49 - Cracking strain during softening 
Left: model with quadratic shell elements, right: model with solid elements 
In Figure 50 the plastic strain on the same surface is shown from Lourenço (2000), for peak load and 
ultimate load. At peak load the plasticization is concentrated at the middle height of the panel. On the 
crack models of the present work the largest strains are located at the same place. At ultimate load 
similarly to the previous example, the lines of plasticization are more horizontal than the lines of the 
diagonal cracks due to the orthotropic behavior of the model. 
  
Figure 50 - Plastic strain at peak load and at ultimate load obtained with the plasticity model 
(Lourenço 2000) 
The size of the shell and solid models with 20 cm elements and the cost of the analysis is compared in 
Table 7. The time used for running the analysis with shell models is 1,6 times more with 9 integration 
points and 1,4 more with 7 integration points compared to the analysis with the solid elements. The 
number of degrees of freedom of the solid model is 1,2 times more than of the shell model. 
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Table 7 - Quantitative comparison of the size and cost of the two models 
  nr. of elem. nr. of nodes nr. of DOF running time 
shell 168 557 2910        392 (352) 
solid 336 1170 3510        245 
 
7.3.4. Formation of one or two cracks depending on the modelling 
In Figure 51 the comparison of the load-displacement curves obtained with the model of the half 
structure and model of the quarter of the structure are shown. The behavior after the peak is different in 
the two models and more energy is dissipated with the quarter model. 
 
Figure 51 – Comparison of the results obtained with modelling half or quarter of the structure 
using 20 cm solid elements 
In Figure 52 the cracking strain in the softening part is plotted for the displacement corresponding to 
Figure 49. The image was created by mirroring the result from the software. The shape of the crack 
corresponds to the shape obtained by the other mode, but as visible of the load-displacement curves, 
the dissipated energy is higher with the formation of two separate cracks. 
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Figure 52 – Cracking strain during softening for the model of one quarter of the structure 
7.4. Conclusions of the example 
 The behavior of the models both in the linear and nonlinear range are very similar to the 
previous example, so the conclusions of that example are confirmed. 
 The same failure mode and similar results can be obtained using two or four solid elements 
and four or eight integration points through the thickness of the wall. With shell elements less 
than 7 points fail to capture the same failure mode. 
 The expected crack pattern was achieved with both solid and quadratic shell elements with 
very good localization. 
 It was demonstrated that the geometry of the mesh affects the position of the crack. With 
different elements different possible solutions are reached. 
 It was also demonstrated that the use of symmetrical support also gives a different possible 
solution, which might describe not exactly the same behavior. 
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8. EXAMPLE 4 – RIBBED BARREL VAULT 
8.1. Description of the model 
A cylindrical barrel vault with ribs was experimentally tested by Di Marco et al. (1999) and numerically 
analyzed with a continuum damage model using macro modelling approach by Creazza et al. (2002). 
The tested vault can be seen in Figure 53. 
 
Figure 53 - Experimental failure pattern of cylindrical barrel vault from Di Marco et al. (1999) 
The 2 m wide vault has 3 ribs on both sides, up until 59° on one side and 63° on the other side. The 
thickness of the ribs is 26 cm while the thickness of the vault is 13 cm. The vault was loaded along a 
line above the top of the end stiffeners on one side. The experiment was carried out using load control. 
The structure and the loading is symmetrical to the longitudinal axis, so only half of the structure was 
modeled in this work, as shown in Figure 54. 
 
Figure 54 - The geometry of the vault, showing the modeled part with red 
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There is no information about the exact boundary conditions applied at the supports of the vault neither 
in the experiment nor in the numerical model. In this work fixed supports were assumed and applied. 
Model with shell elements 
The vault was modeled with quadratic curved shell elements. The elements were divided into two groups 
according to their thickness. As default configuration the elements with different thickness are connected 
at their middle plane. This results in a geometry shown in Figure 55, which is different from the desired 
one. 
 
Figure 55 - Model of the vault with shell elements with central middle planes 
It is possible in DIANA to connect the elements eccentrically to their nodes as shown in Figure 56, so 
an eccentricity of 6,5 cm was applied for the elements of the ribs. 
 
Figure 56 - Eccentric connection of the shell elements to their nodes (DIANA 2011) 
At the bottom edges of the model the nodal translations are fixed in the vertical and the longitudinal 
directions. The nodal rotations along the line of the edges are also fixed. Along the symmetry axis the 
lateral translations and the two rotations perpendicular to the lateral in-plane direction are fixed, creating 
a symmetrical support. 
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Figure 57 - Supports of the shell model 
The mesh was created with ~13 cm and ~6,5 cm quadratic shell elements. 
Model with 3D solid elements 
One model was created with linear and one with quadratic 3D brick elements with 6,5×6,5×6,5 cm3 
element size. There are two elements though the thickness in the vault and four in the ribs. 
At the bottom parts of the model all three nodal translations were fixed. Along the symmetry axis the 
lateral displacements of each node were fixed, creating a symmetrical support. 
 
Figure 58 - Supports of the solid model 
Loading 
The exact loading conditions of the experiment and of the numerical model were not provided in the 
articles. In Figure 53 it is visible that a point load is transmitted to the vault through a beam placed at 
the end of the ribs. The load in the present work was applied on the model in different ways: distributed 
along a line of nodes or distributed along a line of one or two elements. The position of the load slightly 
changes the response of the structure before the first peak, and it strongly affects the stability of the 
analysis in the softening range. The line load 6,5 cm away from the top of the ribs was chosen for the 
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more detailed analysis, which results in a deformed shape very similar to the one presented in Creazza 
et al. (2002). 
It should be also noted, that on the shell elements the load is placed on the middle plane of the element 
through the thickness, not on the extrados of the vault as on the model with solid elements.  
The self-weight of the model is included and imposed to the structure before the nonlinear analysis. 
Material parameters 
All material parameters necessary for the model used in this work are defined in Creazza et al. (2002), 
where also isotropic material parameters were assumed. All the parameters were taken directly from 
there, except for the fracture energy, because the crack bandwidth is defined in a different way. 
According to the article the crack bandwidth was calculated as √𝑉
3
, which results in a value smaller than 
the size of the element perpendicular to the crack, since the elements are not cubic. A fracture energy 
of 2,6 Nm/m2 was used instead, resulting in similar peak load as in the article. 
Both the shell and solid models showed a very brittle behavior with the fracture energy of 2,6 Nm/m2 
which resulted in unstable analysis and sudden drops in the load. In order to have more stable results 
for comparison, the models were also analyzed with a fracture energy of 10 Nm/m2. 
Table 8 - Material parameters used for the model 
Young’s modulus 1,70 GPa 
Poisson’s ratio 0,25   
Density 1800 kg/m3 
Tensile strength 0,08 MPa 
Fracture energy varies 
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8.2. Results of the nonlinear analysis 
8.2.1. Comparison with the previous numerical results 
The models with quadratic shells and linear solids showed a much more brittle behavior than the model 
in Creazza et al. (2002). The model with quadratic solids, however, behaves more similarly to the model 
in the article, where quadratic solid elements were used too. The failure mode also matches the one 
presented in the article. The results with all these elements are shown in Figure 59. It is not the objective 
of this work to explain the different behavior of quadratic and linear solids, so this will not be further 
analyzed here. 
The model in the article is stiffer then the models created in DIANA. The information provided in the 
article was not specific enough on the boundary conditions and loading conditions of the model, which 
affect the initial response of the structure. 
  
Figure 59 – Comparison between the results obtained with quadratic solid elements to the results 
from Creazza et al. (2002) and to the results with linear solid and quadratic shell elements 
The results presented after this point are obtained with a fracture energy of 10 Nm/m2. 
8.2.2. Mesh sensitivity 
With a fracture energy of 10 Nm/m2 more stable results could be obtained with all models. The results 
obtained with different mesh size with shell elements give the same result, independently on the mesh 
size, as visible on Figure 60. Differences can be seen after the second peak where the analysis becomes 
very unstable. 
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Figure 60 – Results obtained with models with quadratic shell and solid elements with different mesh 
sizes 
In Figure 61 and Figure 62 the deformed shape with the cracking strain for the steps marked in Figure 
63 are shown. The images of the shell model are created with superposing the result of the two external 
surfaces. The two models have different element sizes so different color contours were used for them, 
in order to represent the same displacements. 
It is visible, that when the mesh is aligned with the crack, the damage localize very fast in one line of 
elements in contrast with the previous examples, where the damage was very distributed in the first part 
of the analysis. The smeared crack model used in this work assumes a localized crack in which the 
fracture energy regularized by the cracked elements size is dissipated. It is clear from the comparison 
of the presented examples that in case the crack is localized, the model is mesh size independent. 
When the cracking is distributed, the behavior is mesh size dependent. 
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Figure 61 – Deformed shape and cracking strain of the shell model at different stages 
 
Figure 62 – Deformed shape and cracking strain of the solid model at different stages 
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8.2.3. Comparison of models with shell and solid elements 
In Figure 63 the load displacement curves of a shell and the solid models are compared. It is visible 
from the deformed shapes and the crack positions that the hinges form in the same order and on the 
same positions for the two models. The load drops corresponding to the crack openings happen for very 
similar displacements. The sudden opening of the first crack under the load happens with a delay in the 
solid model, which can be due to the low number of integration points through the thickness (there are 
only two element and four integration points). 
 
Figure 63 – Comparison of quadratic shell and linear solid models 
The size of the shell model with 13×13 cm2 elements and solid model with 6,5×6,5×6,5 cm3 elements 
and the cost of the analysis are compared in Table 9. In this case the number of nodes in plane of the 
structure are similar for the two models, but the element sizes differ. There is a big difference in the 
number of nodes, because in the ribs with bigger thickness the solid models has four element through 
the thickness, while the shell model has only one. The time used for running the analysis with sold 
models required 4,4 times longer time in this case. 
Table 9 - Quantitative comparison of the size and cost of the two models 
  nr. of elem. nr. of nodes nr. of DOF running time 
shell 183 613 3065 549 
solid 2094 3312 9936  2450 
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8.2.4. Through thickness integration 
Similarly to the previous examples 7 and 9 integration points give very close results, but 5 integration 
points are not enough, as visible in Figure 64. 
 
Figure 64. Results obtained with different number of integration points through the thickness 
with 13 cm quadratic shell elements 
The average running time for 7 and 9 integration points are compared in Table 10. In this case with 7 
integration points the running time is 20% lower than with 9 integration points. 
Table 10 – Running time of the analyses 
running time (s) 
7 430 
9 549 
8.3. Conclusions of the example 
  Eccentric connection is available and applicable for shell elements in order to model the 
desired geometry. 
 The nonlinear analysis of the models with quadratic shell and linear solid elements with small 
fracture energy is very unstable. 
 The post peak softening part of the analysis is unstable, and small changes in the loading or 
in the geometry strongly effects the stability in this region. 
 With fast localizing cracks the results are not dependent on the mesh size. 
 Same failure mechanism and similar peak loads could be obtained with shells and solids. 
 Models with solid elements are more costly when using more elements through the thickness.  
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9. EXAMPLE 5 –MASONRY FOUR-WALL BOX-STRUCTURE 
9.1. Description of the model 
A four-wall masonry mock-up was tested in ‘Laboratório Nacional de Engenharia Civil’ in Lisbon in the 
scope of the European Project ECOLEADER-LIS. The model was built with limestone units and lime 
mortar with polymeric grid reinforcement in the horizontal joints. The specimen was tested on shaking 
table for dynamic identification. The test specimen is shown in Figure 65. 
 
Figure 65 - The test specimen (Ramos et al. 2005) 
The building is rectangular in plan with a small irregularity. The walls are 24 cm thick. Three window and 
one door opening exists on the walls. The building is built without a slab on top. It was built on a 
reinforced concrete slab. The geometry of the model is shown in Figure 66. 
 
Figure 66 - Geometry of the modelled box-structure 
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In Ramos et al. (2005) the crack pattern after the shaking table test is available. In Endo (2015) nonlinear 
dynamic analysis, different invariant-force push over analyses and adaptive push-over analysis were 
performed on a FEM model in DIANA. 
Material parameters 
All material parameters necessary for the model used in this work are defined in Endo (2015). Some of 
these material properties were available from Ramos et al. (2005), the others were assumed by the 
author. In Endo (2015) failure in compression is considered but in the present work linear elasticity is 
assumed for compression. The material parameters are summarized in Table 11. 
Table 11 - Material parameters used for the model 
Young’s modulus 5,00 GPa 
Poisson’s ratio 0,20   
Density 2300 kg/m3 
Tensile strength 0,20 MPa 
Compression strength 4,00 MPa 
Fracture energy 50 Nm/m2 
Loading 
A mass-proportional invariant-force pushover analysis is performed along both axis and both directions. 
The self-weight of the model is included and imposed to the structure prior to the lateral load. 
Model with shell elements 
The structure was modelled with 8-node curved shell elements with ~20×20 cm2 size. 9 integration 
points were used through the thickness. All nodal degrees of freedom were fixed along the bottom of 
the walls. 
Model with 3D solid elements 
The structure was modelled with solid elements with 12×12×12 cm3 size. All nodal degree of freedom 
were fixed along the bottom of the walls. 
9.2. Results of the linear analysis 
The two models were compared in the linear range for a vertical load that is equivalent to the total mass 
of the structure. The largest lateral displacements for the loads in x and y directions are at the middle 
top of the south and east walls respectively. As in all the previous examples, the shell model is more 
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flexible. The maximum displacements of the shell models are 9,7% bigger than the displacements of 
the solid models. The maximum principal stresses in the same locations are 7% bigger for the shells 
than for solids. 
9.3. Results of the nonlinear analysis 
The models were analyzed until reaching the peak load. The load displacement relations are presented 
in Figure 67. The solid model is slightly stiffer and reach higher peak load then the shell model. 
The results in y direction correspond to the results in Endo (2015), where the model was analyzed with 
using linear shell elements in DIANA, also until peak load. Since linear and quadratic shell elements 
give similar results until the peak load this agreement was expected. 
 
Figure 67 – Results of the pushover analysis in the two axis directions 
The structure reaches different maximum displacements in x and -x directions and in y and –y directions. 
The failure mechanisms also differ in the four directions. The deformed shapes and cracking strains at 
peak load are presented in Figure 68 for the model with solid elements and in Figure 69 for the model 
with shell elements. For the shell model the cracking strain of the inner and outer surfaces were 
superimposed allowing opacity. The color range used for the solid and shell models is scaled according 
to the sizes of the elements in order to show the same crack size.  
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Figure 68 - Deformed shape and cracking strain for peak load in all directions for the solid model 
 
Figure 69 - Deformed shape and cracking strain for peak load in all directions for the shell model 
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It is visible that both the deformed shape, the failure mode and the crack pattern match for the two 
models in each direction. 
In direction x the east wall fails due to the failure of the connection of the wall to the return walls and to 
the cracking of the spandrel above the windows. 
In –x direction the irregular corner fails with the failure of the wall connections. 
In y and –y directions east wall fails in-plane, with diagonal cracking around the window corners. In –y 
direction the south wall also starts to fail out-of-plane similarly to the east wall for direction x. 
Both simple in-plane, out of pane and more complex failure modes are visible on the models. 
In Figure 72 the crack pattern after the shaking table test in Ramos et al. (2005) is presented. The 
structure was tested and transported several times. Most of the cracks opened in the last test. These 
cracks present already before the last test are presented in grey, while the crack opening in the last test 
are presented in red. From the crack pattern an excitation on the x direction is assumed. The crack 
pattern is compared with the crack pattern from the FEM analysis, which is shown in Figure 70 and 
Figure 71.  
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Figure 70 – Cracking strain at peak load for loading in y and –y directions for the solid model 
 
Figure 71 – Cracking strain at peak load for loading in y and –y directions for the shell model 
 
Figure 72 - Crack pattern after dynamic test on shaking table (Ramos et al. 2005) 
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The crack pattern of the two models correspond to each other, and they correspond to the experimental 
crack pattern partially. The cracking of the wall corners is clearly visible in both the models and the 
experiment. The cracking over the windows of the east wall are also significant in all models. 
However, the significant diagonal crack in the corners of the door on the south wall are not present in 
the experiment. The diagonal cracks on the west and north walls from the experiment are not visible on 
the numerical results. Furthermore, the numerical models have horizontal cracks at the base of the west 
and east walls. These are not visible on the experimental result. This can be due to the way the structure 
was excited: the base was moving together with the structure. 
The computational cost comparison of the two models is presented in Table 12. Similarly to the previous 
example, shell elements have double side sizes than the solid elements, so the number of nodes in 
plane of the structure are similar. The solid model has 1,6 times more degrees of freedom and runs 1,4 
times longer than the shell model. 
Table 12 – Quantitative comparison of the size and cost of the two models 
  nr. of elem. nr. of nodes nr. of DOF running time 
shell 1135 3631 18155 659 
solid 6088 9684 29052 904 
9.4. Conclusions of the example 
 Very good agreement was found both in the linear and in the nonlinear range for a more 
complex structure. 
 The failure mode and crack pattern of the two models also show good agreement. 
 The crack pattern partially matches the experimental crack pattern. The same tendencies of 
cracking corners and cracks due to out-of-plane actions are present on all of them. 
 The shell model with bigger element size (but still similar node raster in-plane of the walls) 
requires less time for the analysis. 
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10. OVERVIEW OF THE RESULTS 
Through five examples curved shell and solid elements were compared for modelling structures under 
out-of-plane loading. The overall experiences are presented in this chapter. 
10.1. Accuracy of the results in linear elastic analysis 
In the linear range all the elements used in this work show very good consistency. Quadratic shell 
elements even with the coarsest mesh are very accurate. Therefore, mesh refinement is not justified in 
the linear analysis. Linear shell elements converge fast to the analytical solution or to the results with 
quadratic elements. 
The models with solid and plane strain elements converge slower. Since the shells and the solids are 
not based on the same assumptions, the stresses and displacements will not converge to the same 
value. Sections remain planar, and normal shear strains are kept 0 through the thickness for shell 
elements. For this reason the Poisson’s effect is not considered through the thickness with shell 
elements. 
10.2. Behavior in the nonlinear analysis 
Mesh size dependency 
The models with linear shells, quadratic shells and linear solids give very close results until approaching 
the peak load. 
The peak load and the behavior in the softening range is more inconsistent. 
With linear shell elements the peak load, the ultimate load and the dissipated energy are all dependent 
on the element sizes. The results obtained with these elements differ from the results obtained by 
quadratic shells and linear solids. 
Both quadratic shell and solid elements show a mesh size dependent behavior when cracking is 
distributed. With mesh refinement, the dissipated energy and the peak load increases. The models with 
the same element size in-plane give similar results. In examples 2 and 3 the damage localized into a 
single crack during the softening part, and the ultimate load was mesh size independent. 
In the example of the vault the damage was localized into one single crack from the beginning of the 
analysis, and the results were not affected by the mesh size. 
In the smeared crack model it is assumed that one crack opens through one line of elements. In the 
example where cracking happens in this way, the results are consistent. 
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Comparison of shells and solids 
The quadratic shell and linear solid elements show similar behavior in the nonlinear analysis. The crack 
pattern and the failure mode match for the two models in every example. 
The stresses are evaluated in the integration points for both element types. The shell elements with 
Simpson integration through the thickness have integration point on the outer surfaces. The solid 
elements do not have integration points on the outer surfaces, but inside. This means that cracking of 
the solid elements will start later than the stress on the surface has reached the tension strength. For 
this reason cracks will appear for lower loads on the models with shell elements and the damage is 
more distributed for shell models. 
Though thickness integration 
The accuracy of the results with solid elements are less effected by the number of points through the 
thickness than the results with shell elements. Already with two elements and four integration points the 
same failure mode can be obtained than with four elements and eight integration points. The load-
displacement relations, however, change significantly with having double number of elements through 
the thickness of the structure. 
Shell elements require more points through the thickness for accurate results. 5 integration points were 
insufficient while 9 was sufficient in every example. 7 integration points were enough in most cases. The 
use of layered elements for having more integration points was unnecessary. 
The increase of integration points through the thickness is less costly with shell elements than with 
solids, with keeping the shape of the element. 
Fracture energy and crack bandwidth 
In all models the crack bandwidth has to be adjusted to the shape of the element. It is easier to achieve 
this using square elements with shells than using cubic element with solids, because for the solids the 
element size has to be adjusted to the thickness of the structure. 
The behavior of the shells and linear solids with very small fracture energy is less reliable. 
10.3. Cost of the analysis 
The models were compared in terms of number of elements, nodes and degrees of freedom. 
Assuming linear elements and the same element size in-plane of the models, models with shell elements 
have less number of elements and less number of nodes than the models with solids, since with shells 
there is only one element through the thickness. However, the nodes of the sell elements have 5 degree 
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of freedom, while the shells have only 3. Furthermore, the shell elements need 4×7=28 or 4×9=36 
integration points in total, while the solid ones have only 2×2×2=8 in total. 
In this work linear shell elements could not be used for comparison, since their results in the nonlinear 
range were not reliable. 
Quadratic shells with the same element size have double number of nodes, so double number of 
degrees of freedom than the linear elements. These models with quadratic shell elements require 1,5-
2,5 times longer time for the analysis than the models with solid elements of the same size. 
Keeping the same element size in-plane of the wall, shell elements become more and more competitive 
with increasing the thickness of the wall. 
In case of the vault and the box-structure the compared models had different mesh size but similar 
results. The models with solid elements half the size of the shell elements required much longer time. 
The use of 7 integration points instead of 9 decreases the time of the analysis by 10% in the examples. 
10.4. Modelling 
Similarly to the previous chapter, also modelling can be considered easier with lower number of points, 
nodes and elements. From this point of view shells are more favorable. 
With solid elements it is easier to model the exact geometry of the structure, but the changes in the 
thickness of the wall can be also modelled with shell elements. Eccentric connections for the shells are 
available. The importance of the eccentric connection for walls is bigger in case of out-of-plane loads 
than for in-plane loads. 
With shell elements it is easier to choose the mesh size independently of the geometry of the structure. 
With solid elements the modelling of corners of walls results in small elements, to which the rest of the 
mesh has to be adjusted. 
There are more possibilities with solid elements for creating boundary conditions, since the constrains 
for the nodes through the whole thickness can be defined. With shell elements only the middle plane 
can be constrained. 
The results and the behavior of the whole structure can be well visualized with solid elements, because 
both the inner and outer surfaces are presented at the same time. On the other hand the crack 
propagation through the thickness can be easily followed by presenting the results with the shell 
elements layer by layer. 
The configuration of the through thickness integration requires attention, because the order of the layers 
of integration points depends on the definition of the surface (clockwise or counterclockwise). The 
inconsequent surface definition results in an incorrect representation of the results. 
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11. CONCLUSIONS 
Both linear solid and quadratic shell elements are appropriate for modelling out-of-plane behavior both 
in linear and nonlinear analysis. 
Similar load-displacement curves, the same failure mode and damage pattern were obtained with both 
elements through five examples, including three planar, one curved and one complex structure. The 
expected crack pattern was achieved in every model. 
There are differences in the elements which affect the results: 
 Shells are based on beam theory, while solids are not. This already results in small differences 
in the linear stresses and displacements. 
 Through the thickness shell elements have integration points on the surfaces while solids do 
not. This results in a delayed cracking for solids. 
The following differences using the two elements were observed: 
 Models with shells required at least 7 integration points through the thickness for capturing the 
correct failure mode. Models with solid element with two elements and four integration points 
through the thickness already capture the same failure mode, but the load-displacement 
relations are affected with the mesh refinement through the thickness. 
 Quadratic shell elements are more costly than linear shell elements in terms of number of 
degree of freedom and analysis time. They become more competitive with solids with the 
increase of the thickness of the structure. 
 Meshing is easier with 2D shell elements, and more complex geometries can be also modelled 
using eccentric connections. 
General observations were also made on both elements in the nonlinear analysis: 
 The smeared crack model assumes localized cracking. In the examples where cracks are 
localized from the beginning, the results are consistent. With distributed cracking the results are 
mesh size dependent: with mesh refinement the dissipated energy increases. 
 The analysis is very unstable with small fracture energy. 
 In the softening part the analysis can get unstable, and small changes in the loading or geometry 
strongly affect the results in this range.  
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